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Abstract

A standard analytic technique/algorithm for finding a solution to
the set of coupled differential equations with variable coefficients is not
known till date. A Numerical Algorithm is presented. As special cases,
the solutions of nonhomogeneous and homogeneous linear differenctial
equations of order N with variable coefficients are obtained.

Introduction
For the Single equation of the form,
y'(z) = A(x).y(z) + B(z)

the general solution is of the form,

y(z) = c.el A@-dr 4 /B(x).efA(x)'dx.dx

A standard set of coupled differential equations can be represented as :
vi(x) = fil@, 91, Y2, - Yn)
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yé(x) = f?(xv Y1, Y2, yn)

y;(!)ﬁ') = fn(x7 Y1, Y2, yn)

Which can further be represented in matrix form as :

Y Ap(z) Ap(z) . . An(x) U1 By (x)
Yo Azl(l’) A22(95) - A2n<$> Y2 Bz(fﬂ)
. = . . .. . X . + .
o, A(2) Apa(@) . . Ag(2) U B, (x)
. Y' = A(2).Y + B(z)
Solution

For a set of n coupled differential equations, with constant coefficients, the
matrix A contains constant co-efficients. The solution is of the form, similar
to one dimensional problem, which is presented below :

Y(z) = e.C + /e_Ax.B(x).d:v

where, e” is the Matrix Exponential of Matrix A.
Matrix Exponential of a Matrix A is calculated by Diagonalizing Matrix
A and by using the special property of Matrix Exponential for a Diagonal
Matrix, as shown below:
A=P'DP

et = PP P
However, if the coefficients are varying functions of X, then a standard

analytic solution hasn’t been known till date, where as a heuristic case solu-
tion exists when the matrix A satisfies the following property :

A(s).A(t) = A(t).A(s)



i.e., if matrix is self-symmetric, the solution is of the form,
Y(x) = el Aw@-dr oy /e_fA(w)dx.B(x).dx
The Numerical Algorithms available for implementation in solving One Di-
mensional problem are,
Euler'sMethod(Error : O(h))

Taylor'sMethod(Error : O(h™))
RungeKutta's4"Order Method(Error : O(h*))
Finite — Dif ferenceMethod(Error : O(h?))

where, h = , is the length of the partition interval.
Of all the above methods Runge Kutta’s 4" order method is more practical
and has been implemented in this article.

Implementation

For, 1-Dimensional case, the implementation goes like this:

Runge[a0,b0 o mOy :=
Module[a = a0,b = b0, j,m =m0,

h=(b—a)/m;

Y =T = Table[0,m + 1];

T = @

T(]) = o

Forlj=1,7<=m,j++,

/ﬁ = hf 11, YIUI;
FITTON +h/2, Y TF1] + R /205

11+ /2, Y (5] + k2 /25
7]

Y]
FITIA) + B, Y]] + kes);
H | =Y, [[J]] + 1/6(ky + 2ks + 2k3 + ky);
Tllj + 1] = a+ hj;l;
Return|Transpose[T, Y]]

[T
hfIT]
hfIT]
hfIT]
1]



where as, for an N-Dimensional case, all the equations are coupled and so, the
values of k in above implementation are coupled. Hence, a slight modification
of the above implementation gives us the following implementation:

Runge[a0,b0,a m0) :=
Module|a = a0,b = b0, 1, j,m =m0,
h=(b—a)/m;
[ = Lengthlal;
T = Tablel0, {m + 1}];
T[] = a;
Y = Tablel0,m + 1,1];
k = Tablel0,4,1];
Forlj=1,j <1,j++ Y[[Lll5]] = alls]}: )
Forli=1,i <m,i+ +,
yListdkl = {};
For[j=1,7 <l,j+ +,yListdkl = Append[yListdk1, Y[[i]][[s]]];];
Forlj=1,j <1, j++ K[l = b= fIT[[d], yListdk1][j];];
yListdk2 = {};
Forlj =1,j <1,j++,yListdk2 = Append[yList4k2, Y[[i]][[j]] + K[[1]][[s]]/2];];
Forlj=1,j <1, j++ K[[2]][[]] = b= fT[[d]], yList4k2][j];];
yList4k3 = {};
Forlj =1,j <1,j++,yListdk3 = Append[yList4k3, Y[[i]][[j]] + K[[2]][[s]]/2];];
For[j =1,j <1,j++,k[[3]][[j]] = h = f[T[[i]}, yList4k3][j];];
yListdk4 = {};
Forlj=1,j <1,j++,yListdkd = Append[yListdkd, Y[[i])[[j]] + K[B]][[]]];
Forlj =1, <1, j++ k[[4l7]] = ho* fIT[], yListdk4][j]; ];
Forlj =17 <l j++ Y+ 1] = Y1) + 1/6 * (R[]} [[]]

+ 2+ K[21][[71] + 2 = K311 + K411 |5
Tlli +1]] = a+ hx*i;];

Y = Prepend[Transpose[Y], T];
Return[Y]; ];



Run Time Analysis
For a 1-Dimensional case,

Running Time = Sum of running times of each individual step
=c1+ca(m+1)+c3+ ¢y + cs(m) + ¢
=0(1)+0(m+1)+0(1)+0O(1)+ O(m) + O(1)
=O0(m)

For an N-Dimensional case,

Running Time = Sum of running times of each individual step
=ct+ctesm+1)+ep+esx (m+1)xl4+cgx4dx()+erxl+cgxlxm
=0(1)+01)+0m+1)+0(1)+0((m+1)x1)+04x1)+0(1)+O(l x m)
=0(m x 1)



Results

Following is a test case verified over the set of Coupled Differential Equations

Map[f[ty,1,2];

Fleaila) o= ol + o2

Fleall2) = 5= gl
n = 100;

ptsList = Rungel0,1.0,1, 10, n];

ptsl = Transpose|[List|ptsList|[1]], ptsList][2]]]];
nptsl = N|ptsl];

pts2 = Transpose|List|ptsList|[1]], ptsList[[3]]]];
npts2 = N [pts2];

Needs[” Graphics'|;

graphl = List Plot[nptsl, PlotJoined— > Truel;
graph2 = List Plot[npts2, PlotJoined— > Truel;
Show[graphl]

Show|graph2]

The graphs obtained are as shown below :

Conclusions

In many real-world situations such as, Earthquake Engg. (with variable mass
and spring constants, movement of ground as a function of time), Environ-
mental Engg.(variable rate constants in chemical reactions), Electrical Engg.
(in many current and voltage regulation models involving RLC circuits), etc.
there are a lot of applications of this Numerical Method of solving Differential

Equations.
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Figure 1: Plot of y; vs x.
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Figure 2: Plot of y, vs x.



References

[1] Nineteen Dubious Ways to Compute the Exponential of a Matrix,
Twenty-Five Years Later, Cleve Moler, Charles Van Loan.

2] Modules for Numerical Methods using Mathematica, Mathematics De-
partment Website, California State University - Fullerton.



